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Abstract 
The following facts are established. If X is c~-monolithic and w-stable, and the spread of Cv(X ) 
is countable, then X has a countable network. If Cp(X) is a Lindel0f Z-space and the spread 
of Cp(X) is countable, then X has a countable network. Under (MA + -,CH), if s(X) <<. w and 
Cp(X) is a LindelOf S-space, then X has a countable network. If G is a topological group such 
that Cv(G ) is a Lindel6f S-space, then G has a countable network. Under (MA + ~CH), if X is 
a Lindel0f p-space of countable tightness, and Y is a subspace of X of the countable spread, then 
Y is hereditarily Lindel0f and hereditarily separable. Several open problems are formulated. 
Keywords: Spread; Hereditary density; Condensation; Li del/Sf space; LiudelOf ~7-space; Martin's 
axiom; Countable network 
AMS classification: 54A25; 54A35 
All spaces considered below are assumed to be Tychonoff, and in what follows X,  
Y and Z always stand for Tychonoff spaces. A condensation is a one-to-one continuous 
mapping of one space onto another space. Our terminology and notation are as in [1] 
and [8]. By Cp(X)  we denote the space of all real-valued continuous functions on a 
Tychonoff space X in the topology of pointwise convergence (see [1]). The spread s (X)  
of a space X is the smallest infinite cardinal number r such that the cardinality of every 
discrete subspace of X is not greater than r. 
The answer to the following question is still unknown (see [25] and [1, Prob- 
lem 2.5.35]). 
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Problem 1 (Velichko's problem). Let X be a Tychonoff space such that the spread of 
Cp(X) is countable. Is then true that s(Cp(X) '~) <<. co for each n E co? It was shown in 
[2] that the answer is "yes" if the next assertion (S) is true: 
(S) Every hereditarily separable Tychonoff space is LindelO'f. 
S. Todor~evi6 has shown that (S) is consistent with ZFC [23] (see also [19]). In [2] 
the next result was established: 
Proposition 2. If (S) holds, and the spread of Cp(X) is countable, then (Cp(X)) ~ is 
hereditarily LindeIOf and hereditarily separable. 
Problem 3. Can one replace (S) by (MA + -~CH) in Proposition 2? 
Problem 4. Assume (MA + -,CH), and let the spread of Cp(X) be countable. Is then 
true that Cp(X) is Lindel6f? That Up(X) is hereditarily LindelOf? That the tightness of 
X is countable? That X is separable? 
If we drop the assumption (MA+--,CH), then there is no hope to get a positive answer 
to questions in Problem 4. 
Example 5. Under CH, there is a countably compact noncompact topological group G 
such that the space G '~ is hereditarily separable for each n E co [10,11]. Define the spaces 
Xn by induction: X0 = G, and X,~+1 = Cv(X~), for n E w. Then s(Cp(X~)) <<. co, for 
each n E co, by Velichko-Zenor's theorem [25,26], but Cp(X1) is not Lindel6f, since it 
contains a closed topological copy of the space G which is not Lindel6f [1, Proposition 
0.5.9]. The tightness of X1 is uncountable, since otherwise G would have been Lindel6f 
[1, Theorem 2.1.1]. Also, X1 is not separable. Otherwise, since iw(X) = d(Cp(X)) [1], 
the diagonal in G × G would be a G~, and G would be metrizable [8]. 
A space Y is called K-analytic, if it is a continuous image of a subspace X of a space 
Z such that X is an intersection of a countable family of ~r-compact subspaces of Z. In 
connection with Problem 4, it is good to keep in mind the next result: 
Theorem 6 (MA + ~CH). If X is a Tychonoff space such that the spread of Cv(X ) 
is countable, then X is hereditarily LindelOf and hereditarily separable, and every K- 
analytic subspace Y of X is metrizable. 
Proof. From s(Cv(X)) <. co it follows that s(X × X) <. co [1, Corollary 2.5.19]. Then 
either X is hereditarily separable or X is hereditarily Lindel6f (see [2]). Now from 
Theorem 19 in [24] it follows that X is hereditarily Lindel6f and hereditarily separable. 
Let Z be any compact subspace of Y. Since s(Z × Z) <<. s(X × X) <. w, (MA + ~CH) 
implies that Z × Z is perfectly normal (Szentmikl6ssy, [22]). Therefore, Z is metrizable. 
By a theorem of Fremlin [9], then Y is metrizable. 
Several strong conclusions related to Problem 4 can be obtained under additional 
restrictions on X or Cv(X ). We consider below how far one can go in this direction. 
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First, we recall a few definitions from [1]. A space X is said to be w-monolithic, if 
the closure of every countable subset of X has a countable network. A space X is 
called w-stable, if every continuous image Y of X which can be condensed onto a 
separable metrizable space, has a countable network. All or-compact spaces, as well as 
their countable powers, are w-stable. All pseudocompact spaces and all Lindel0f S-spaces 
are also w-stable. In [1, Chapter 2], a Cp-duality between w-monolithic spaces and w- 
stable spaces was established. We recall that Lindel6f S-spaces can be characterized as 
continuous images of Lindel~3f p-spaces (see [5,15]). The next assertion is not difficult 
to prove (see [3]). 
Proposition 7. Every w-monolithic space Xof the countable spread is hereditarily Lin- 
delO'f 
Theorem 8. If X is w-monolithic and w-stable, and the spread of Cp(X) is countable, 
then both X and Cp(X) have a countable network. 
To prove Theorem 8, we need the next fact: 
Proposition 9. If X is w-stable and the spread of Cp(X) is countable, then Cp(X) is 
hereditarily LindelOf, and X x X is hereditarily separable. 
Proof. Since X is w-stable, the space Cp(X) is w-monolithic [1, Proposition 2.6.8]. 
Therefore, by Proposition 7, Cp(X) is hereditarily Lindel6f. Then X x X is hereditarily 
separable [1, Corollary 2.5.27]. 
Proof of Theorem 8. The space X is separable, by Proposition 9. Since X is w- 
monolithic, it follows that there is a countable network in X. Then (see [1, Theo- 
rem 1.1.3]) there is a countable network in Cp(X) as well. 
Theorem 10. If Cp(X) is a LindelOf S-space, and the spread of Cp(X) is countable, 
then X has a countable network. 
Proof. The space Cp(X) is w-stable [1, Theorem 2.6.21]. Therefore, X is w-monolithic 
[1, Proposition 2.6.8]. Since s(X x X) <<, s(Cp(X)) ~ w, it follows from Proposition 7, 
that X x X is LindelSf. Hence X is realcompact. Theorem 4.9.5 from [1] now implies 
that X is also a Lindel6f Z-space. Thus, X is both w-monolithic and w-stable, and, by 
Theorem 8, X has a countable network. 
Of course, the assumption that the spread of X is countable is much weaker than 
the assumption that the spread of Cp(X) is countable. It is natural after Theorem 10 to 
formulate the next question: 
Problem 11. Let X be a space of the countable spread such that Cp(X) is a LindelSf 
S-space. Is then true, that X has a countable network? 
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Unfortunately, we can not answer this question, but we are going now to present several 
partial results. A proof of the first of them is contained in the proof of Theorem 10. 
Proposition 12. If the spread of X is countable, and Cp(X) is a Lindel0f S-space, then 
X is also a Lindel6f S-space. 
Theorem 13. If the spread of X × X is countable, and Cp(X) is a Lindel0f S-space, 
then X has a countable network. 
Proof. By Proposition 12, X is a Lindel6f S-space. Besides, X is w-monolithic; there- 
fore, X x X is also w-monolithic. Since s(X x X)  <<. w, it follows from Proposition 7, 
that X x X is hereditarily Lindel6f. Thus, X is a space with a G~-diagonal. It remains 
to recall that every Lindel6f S-space with a G~-diagonal has a countable network [15]. 
Theorem 14 (MA + ~CH). If s(X) <~ w, and Cp(X) is a LindelOf S-space, then X 
has a countable network. 
Proof. By Proposition 12, X is a Lindel6f S-space. Therefore, X '~ is Lindel6f for each 
n E w [15]. We also have: t (X '~) <<, ~v, for each n E w, since Cp(X) is Lindel~f [1, 
Theorem 1.4.1]. It follows, that there is no uncountable free sequence in X n, for each 
n E w [3]. Since the spread of X is countable, and X is LindelOf, Theorem 12 from 
[24] implies that X is separable. Since Cp(X) is a Lindel6f S-space, the space X is 
w-monolithic, and we conclude that X has a countable network. 
Theorem 15. If G is a topological group of the countable spread such that Cp(G) is a 
LindelOf S-space, then the space G has a countable network. 
Proof. By Proposition 12, G is a Lindeltif S-space. Also G is w-monolithic, since Cp(G) 
is w-stable. Now it follows from Proposition 7, that G is hereditarily LindelOf. Hence 
points in G are G~'s. Therefore, since G is a topological group, G can be condensed 
onto a metrizable space Z [4]. It remains to recall that every Lindel6f S-space which 
can be condensed onto a metrizable space, has a countable network [15]. 
Example 16 (CH). Not every topological group G which is a Lindel6f S-space of 
the countable spread has a countable network. Indeed, under (CH) there exists a non- 
metrizable compactum X such that X n is hereditarily separable for each rt E ~v (see 
[12,16]). Take the free topological group F(X)  of X. Then (F(X))  '~ is hereditarily sepa- 
rable, for each n E w, and F(X)  is a LindelOf S-space, since F(X)  is e-compact. Since 
X is a non-metrizable compact subspace of F(X) ,  the space G = F(X)  does not have 
a countable network [5,8]. After this example one might better appreciate Theorem 10. 
Proposition 17 (MA + ~CH). If G is a topological space group such that the spread of 
G n is countable for each n E w, and G is a LindelOf S-space, then G has a countable 
network. 
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Proof. By Kunen's theorem [13], G x G is hereditarily Lindel6f; it follows that G is 
a space with a G~-diagonal [4]. But every Lindel6f S-space with a G6-diagonal has a 
countable network [15]. 
Proposition 18 (S). If G is a topological group such that the spread of G is countable, 
and G is a LindelOf S-space, then G has a countable network. 
Proof. The proof is similar to the proof of Proposition 17, we only have to observe that 
(S) is equivalent to the statement, that every space of the countable spread is hereditarily 
Lindel6f, and therefore, G is hereditarily Lindeltif, and, therefore, has a G~-diagonal 
(being a topological group). 
Proposition 19 (MA + ~CH). Let Y be a subspace of a space X such that Cp(X) is 
LindelOf and t(Cp(X)) ~ co. Then s(Y) <. co if and only if Y is hereditarily separable 
and hereditarily LindelOf. 
Proof. Since t(Cp(X)) <<. co, X ~ is Lindel6f, for each n E w [1, Theorem 2.1.11. Since 
@(X)  is Lindel6f, t (X n) <<. w, for each n E co [1, Theorem 1.4.1]. Therefore, there are 
no uncountable free sequences in X '~, for r~ E co. One can now refer to Theorem 12 in 
[24]. 
Theorem 20 (MA + -,CH). If Y is a subspace of a space X such that Cp(X) is Lin- 
delOf co-stable, and t(Cp(X)) ~ co, and s(Y) <~ co, then Y has a countable network. 
Proof. The space Y is separable, by Proposition 19. Since Cp(X) is co-stable, X and Y 
are co-monolithic. Therefore, Y has a countable network. 
The formulation of the next result does not involve function spaces, but the proof of 
it requires the techniques typical for this paper. 
Theorem 21 (MA + ~CH). If X is a LindelOf p-space of the countable tightness, and Y 
is a subspace of X such that s(Y) <<. co, then Y is hereditarily Lindelof and hereditarily 
separable. 
Proof. The space X n is Lindel6f, for each n E w [5]. Therefore, the tightness of Cp(X) 
is countable [ 1, Theorem 2.1.1]. Besides, X is a space of point-countable type (see [3,5]). 
Therefore, it suffices to prove the next assertion: 
Proposition 22 (MA + -~CH). Let Y be a subspace of the countable spread of a space 
X ofpoint-countable type such that t(X) ~ w, and t(Cp(X)) ~ co. Then Y is hereditarily 
separable and hereditarily LindelOf 
Proof. For each n E w, X n is a space of point-countable type [5,8], and therefore, X n 
is a k-space [5,8]. By a theorem of Malychin [14], the product of any finite family of 
88 A. V Arhangel'skii /Topology and its Applications 74 (1996) 83-90 
compact spaces of countable tightness is a space of countable tightness. It follows that 
every compact subspace of X n is countably tight. Since X n is a k-space, we conclude 
that t (X  n) <~ w for each n E w. Since t(Cp(X)) <~ w, X n is Lindelrf. Therefore, 
there are no uncountable free sequences in X n. Since the spread of Y is countable, the 
conclusion ow follows from [24, Theorem 12]. 
Corollary 23 (MA + -~CH). If X is a Lindelrf p-space, and s (X  x X)  <<. w, then X is 
a separable metrizable space. 
Proof. The space X × X is also a LindelOf p-space, which implies that X x X is a 
k-space [5]. Now from s(X × X)  <<. w it follows that t (X  x X)  <<. w (see [3]). Applying 
Theorem 21, we conclude that X × X is hereditarily LindelSf. Thus, X is a space with a 
Gr-diagonal. It remains to refer to the fact that each LindelOf p-space with a Gr-diagonal 
is separable and metrizable [5]. 
The last three results should be compared to results of Szentmikl6ssy [22] and Balogh 
[6]. 
Corollary 24 (MA + -~CH). If X is a metacompact p-space such that the spread of 
Cp(X) is countable, then X is separable and metrizable. 
Proof. Since the spread of Cp(X) is countable, the spread of X x X is also countable. 
Therefore, X is LindelSf, as every metacompact space of the countable spread (see [7,8]). 
Now we can apply Corollary 23. 
Problem 25. Assume (MA + -~CH), and let X be a LindelSf kS-space of the countable 
spread. Is then true that X is hereditarily LindelSf and hereditarily separable? 
Closely related to Problem 25 is the next question: 
Problem 26. Assume (MA + -~CH). Is then true that every w-monolithic and w-stable 
space of the countable spread has a countable network? 
After this question it might be good to have another look at Theorem 8. 
Problem 27. Assume (MA+ ~CH), and let X be an w-monolithic space of the countable 
spread such that Cp(X) is Lindelrf. Is then true that X has a countable network? 
Let us show that we can not get a positive answer to the last question i ZFC. 
Proposition 28. If there exists a nonseparable compactum X of the countable spread, 
then there exists a perfectly normal w-monolithic ompactum Y without a countable 
network, such that Cp(Y) is LindelOf 
Proof. The tightness of X is countable (see [3]). Therefore, there is an irreducible 
continuous mapping of X onto a Corson compactum Y [20]. Then s(Y) <<. w. Since 
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Y is a Corson compactum, it is w-monolithic. From Proposition 7 it follows that Y is 
hereditarily Lindel6f. The space Cp(Y) is Lindel6f, since Y is a Corson compactum. 
The space Y is not separable, since otherwise X would have been separable by the 
irreducibility of f ,  which is not the case. 
Problem 29. Let X be a space of the countable spread, and let F be a compact subspace 
of Cp(X). Is then true that F is hereditarily separable? That the spread of F is countable? 
That t(F) <. w? That F is separable? 
Since every space of the countable spread has a dense hereditarily Lindel6f subspace 
[21], and condensations of compacta re homeomorphisms, this question is equivalent to 
the next one: 
Problem 30. Let X be a hereditarily Lindel6f space, and let F be a compact subspace 
of Up(X). Is then true that F is hereditarily separable, or at least separable? Is then 
s(F) <~ w or at least, t(F) ~ w? 
Note that under PFA, if X is a Lindel6f space, then every compact subspace of Cv(X ) 
is countably tight [1, Theorem 4.11.16]. This provides us with a partial answer to Prob- 
lem 30: under PFA, if the spread of X is countable, then the tightness of each compact 
subspace of Up(X) is countable. Note a result of E.A. Reznichenko: if (MA + -~CH) 
holds, and X is a compact space such that Cp(X) is Lindel6f, then X is w-monolithic, 
and therefore, if X is also separable, then X is metrizable (see [8]). Nevertheless, the 
next question remains open [ 1, Problem 4.11.12q: 
Problem 31. Is it true in ZFC that if X is Linde16f, then every compact subspace of 
Cp(X) has countable tightness? Is then true that Cp(X) can be condensed onto a space 
of the countable tightness? 
In connection with Reznichenko's result mentioned above the next recent result of 
Okunev seems to be especially interesting: if every finite power of a space X is LindelSf, 
then assuming (MA + ~CH), each separable compact subspace of Cp(X) is metrizable 
[17]. 
Problem 32. Is it true, that if X is Linde15f, then every separable compact subspace of 
Cp(X) is hereditarily separable? 
Problem 33. Let X be a hereditarily Lindel6f space. Is then true that Cp(X) condenses 
onto a space of the countable tightness? Onto a hereditarily separable space? Is then true, 
that every separable compact subspace of Cp(X) is hereditarily separable? 
Remark 34. The author is grateful to the referee, who observed that the proof of Propo- 
sition 18 gives more than it was originally contained in it. 
90 A.V. Arhangel~kii / Topology and its Applications 74 (1996) 83-90 
References 
[1] A.V. Arhangel'skii, Topological Function Spaces, Mathematics and its Applications 78 
(Kluwer, Dordrecht, 1992) (translated from Russian). 
[2] A.V. Arhangel'skii, Hereditarily LindelOf spaces of continuous functions, Moscow Univ. Math. 
Bull. 44 (1989) 67-69. 
[3] A.V. Arhangel'skii, Structure and classification of topological spaces and cardinal invariants, 
Russian Math. Surveys 33 (1978) 33-96. 
[4] A.V. Arhangel'skii, Relations between cardinal invariants of topological groups and their 
subspaces, Russian Math. Surveys 35 (1980) 1-23. 
[5] A.V. Arhangel'skii and V.I. Ponomarev, Fundamentals of General Topology Problems and 
Exercises (Reidel, 1984) (translated from Russian). 
[6] Z. Balogh, On compact Hansdorff spaces of countable tightness, Proc. Amer. Math. Soc. 105 
(1989) 755-764. 
[7] D.K. Burke, Coveting properties, in: K. unen and J.E. Vanghan, eds., Handbook of Set- 
Theoretic Topology (North-Holland, Amsterdam, 1984) 347--422. 
[8] R. Engelking, General Topology (PWN, Warsaw, 1977). 
[9] D.H. Fremlin, K-analytic spaces with metrizable compacta, Mathematica 24 (1979) 257-261. 
[10] A. Hajnal and I.Juhasz, On hereditarily a-LindelOf and a-separable spaces, 2, Fund. Math. 
81 (1974) 147-158. 
I11] A. Hajnal and I. Juhasz, A separable normal topological group need not be Lindel6f, General 
Topology and Appl. 6 (1976) 199-205. 
[12] A.V. Ivanov, On compacta, ll finite powers of which are hereditarily separable, Soviet Math. 
Dokl. 19 (1978) 1470--1473. 
[13] K. Kunen, Strong ,5' and L spaces under MA, in: G.M. Reed, ed., Set-Theoretic Topology 
(Academic Press, New-York, 1977). 
[14] V.I. Malychin, On the tightness and Souslin number in exp X and in the product spaces, 
Soviet Math. Dokl. 203 (1972) 1001-1003. 
[15] K. Nagami, ~?-spaces, Fund. Math. 61 (1969) 169-192. 
[16] S. Negrepontis, Banach spaces and topology, in: K. unen and J.E. Vaughan, eds., Handbook 
of Set-Theoretic Topology (North-Holland, Amsterdam, 1984) 1047-1142. 
[17] O.G. Okunev, On Lindel6f sets of continuous functions, Topology Appl. 63 (1995) 91-96. 
[18] J. Roitman, The spread of regular spaces, General Topology Appl. 8 (1978) 85-91. 
[19] J. Roitman, Basic `5, and L, in: K. Kunen and J.E. Vaughan, eds., Handbook of Set-Theoretic 
Topology (North-Holland, Amsterdam, 1984) 295-326. 
[20] B.E. Shapirovskij, Special types of embeddings in Tychonoff cubes. Subspaces of products 
and cardinal invariants, in: Colloq. Math. Soc. Janos Bolyai 23 (North-Holland, Amsterdam, 
1980) 1055-1086. 
[21] B.E. Shapirovskij, On discrete subspaces of topological spaces; weight, tightness, and Souslin 
number, Soviet. Math. Dokl. 13 (1972) 215-219. 
[22] Z. Szentmikl6ssy, S-spaces and L-spaces under MA, in: Colloq. Math. Soc. Janos Bolyai 23 
(North-Holland, Amsterdam, 1980) 1139-1145. 
[23] S. Todor~evi6, Forcing positive partition relations, Trans. Amer. Math. Soc. 280 (1983) 703- 
720. 
[24] S. Todor~evid, Some applications of ` 5, and L combinatorics, Ann. New York Acad. Sci. 705 
(1993) 130-167. 
[25] N.V. Velichko, Weak topology of spaces of continuous functions, Math. Notes 30 (1981) 
849-854. 
[26] P. Zenor, Hereditary m-separability and the hereditary m-LindelOf property in product spaces 
and function spaces, Fund. Math. 106 (1980) 175-180. 
